Parametrization of PMNS matrix based on dodeca-symmetry 
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The dodeca symmetry is designed to obtain the Cabibbo angle 6q approximately 15° and the 
(11) element of Vpmns as cos 30°, leading to eX^'^^ + 6^™ ~ 45°. This leading order dodeca 
symmetric Vpmns is corrected by small parameters, especially as an expansion in terms of a small 
parameter jS. Neglecting two Majorana phases, the expression of Vpmns contains four parameters: 
a small /3, and three 0(1) parameters A,B, and 5. From the neutrino oscillation data, we present 
two parametrizations and estimate their /3's. 
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I. INTRODUCTION 



Nonzero neutrino masses and oscillation observed in 
the last two decades have led to a large mixing in the lep- 
tonic sector unlike in the quark sector. The leptonic 
mixing known as the Pontecorvo-Maki-Nakagawa-Sakata 
(PMNS) matrix takes a quite different form from that 
of Cabbibo, Kobayashi and Maskawa(CKM) 0. The 
PMNS matrix takes a bi-maximal mixing, whereas the 
CKM matrix is close to the identity. So, the CKM matrix 
being close to the identity has the famous Wolfenstein 
approximate form In this paper, we investigate two 
approximate forms of the PMNS matrix, following the 
method of the quark mixing presented recently in Ref. 
where the CP violation is directly noticeable from the 
unitary matrix itself. 

The PMNS matrix, being not close to identity, trig- 
gered a tremendous theoretical activity to obtain a lead- 
ing bi-maximal form. Most studies are based on non- 
Abelian discrete symmetries started with the permuta- 
tion symmetry 6*3 since the late 1970s @. 

The most recent popular leptonic mixing pattern is 
the so-called tri-bimaximal mixing, suggested by Harri- 
son, Perkins, and Scott in 2002 [3], which in addition 
to the bi-maximal mixing in the (23) and(33) elements 
the another column for the solar mixing angle is given 
by ^soi = sin~^ with the vanishing (13) element. 
This pattern can be derived by using various permutation 
symmetries and their subgroups such as S'4 or . At the 
face value, the tri-bimaximal mixing looks like being very 
close to the current best fit(BF) values 3. However, the 
very closeness to the BF values might be a dilemma in 
that there is not much room for an adjustable parame- 
ter if more accurate data produce a significant deviation 
from the tri-bimaximal pattern. In this sense, since the 
recently proposed dodeca form Q , which produces a bi- 
maximal but is not as close to the BF values as the tri- 
bimaximal form 0, has a room to introduce a relatively 



large correction parameter p} The dodeca pattern is 
= 12 case of the dihedral groups Da? studied for neu- 
trino masses in [l3, [HI . One nice feature of the dodeca 
pattern is that it gives 6'™ns ^ | ^j^j qCKM = ^ 0], 

producing a cherished relation, CT^^ + ^c^^ - f 



of the PMNS matrix around f 



tion 0™NS 



qCKM 



sol ' "C — 4 

The fact that the PMNS matrix takes a very dif- 
ferent form from the identity implies that we have to 
parametrize it in a different way from what Wolfen- 
stein did for the CKM matrix, the expansion around 
the identity. In fact, Qin and Ma tried the expansion 

Tsl. Taking the rela- 
I into account, they expanded 
the PMNS matrix in terms of A, the expansion parame- 
ter of the CKM matrix, around the tri-bimaximal mixing 
point [l3, [3l . It is an attractive idea to expand the small 
parameters around the basic pattern originating from a 
non-Abelian discrete symmetry. This expansion param- 
eter is better not to be too small as commented above. 
In this sense, we expand the PMNS matrix around the 
dodeca pattern. 

Since the deviation of (23) an d ( 33) element from bi- 
maximality is almost negligible [l5|, i.e. statistically in- 
significant, we require that the deviation of the atmo- 
spheric mixing angle (the i'^ — Vr mixing) from ^ is very 
small. The (13) element is known to be very small, and 
is zero in the tri-bimaximal and dodeca mixing. On the 
other hand, from the solar neutrino data, a maximal solar 
neutrino mixing, i.e. 612 = ^, is ruled out at more than 
6cr [111, and one has cos 26*12 > 0.26 (at 99.73% C.L.). 
Therefore, the solar neutrino angle deviation from ^ or 
■| (the case of dodeca mixing) can taken as an expansion 
parameter /3. 

Most weak CP violating processes of the light leptons, 
except in the neutrinoless double beta decay [I^l , do not 



^ We call the expansion parameter j3 (meaning around the bi- 
maximal), corresponding to the expansion parameter A (around 
the identity) of Wolfenstein Q . 
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depend on two Majorana phases of the PMNS matrix. 
Therefore, let us focus on the PMNS matrix, neglecting 
two Majorana phases. Then, the nonzero (13) elements 
gives a barometer of the CP violation in the leptonic 
sector as formulated and emphasized in Ref. @ . Our ex- 
pansion in terms of (3 is given in two plausible cases for 
the (13) element, one proportional to and the other 
proportional to /3. Since the (31) and (22) elements are 
of order 0(1), the Jarlskog determinant [l^ following 
the method of Ref. 0] should be in the same order as 
the (13) element, or fi depending our models. There- 
fore, looking for the deviation of (13) element from zero 
is an important barometer of the leptonic CP violation. 



which triggered the worldwide experimental activities to 
measure the (13) element of Vpmns [13 • 



II. MEASUREMENTS OF THE PMNS MATRIX 
ELEMENTS 

Unlike the CKM case, the PMNS matrix elements have 
not been determined very accurately. To set up the dis- 
cussion of the next section, we briefly present the deter- 
mination of the PMNS matrix element [l6j . The Chau- 
Keung-Maiani type parametrization is 



C12C13, 



S12C13, 



-S12C23 - Ci2S23Sl3e'*, C12C23 - Si2S23Sl3e*'' S23C13 
V S12S23 - Cl2C23Sl3e"', -C12S23 - Sl2C23Sl3e*'', C23C13 / 



(1) 



r 



where Cij — cos Oij and sij = sin 9ij . The four parameters 
are 6*12, ^23, ^13, and the phase S. To relate directly to the 
neutrino oscillation experiments, we also use the notation 
instead of 6*23 and ^soi instead of 9i2. The flavor 
basis li^a) is the superposition of the mass eigenstates 
li/j) with the coefficients provided by the PMNS matrix 
elements. 



(2) 



where the subscript a indicates e,fi^T^ and j runs from 
1 to 3. It is the convention that take lyi as the lightest 
neutrino. The probability amplitude of observing {va') 
after the propagation in spacetime interval {T,L) of \i>a) 
is given by 



(3) 



and the probability P{h'a i^a') is just |^(!^q ~> Va')\'^, 

= 5aa' - 2\Vi3\HS^^, - |K.'3n(l - COS— ^i). 

2p 

(4) 

Therefore, the suvival of the electron type neutrino is 
given by 

P{iy, ^ ,y,) - - 2\V,3\^{1 - \Ve3\'){l - cos^^L) 



2p 



(5) 



which is used in the CHOOZ, Daya Bay and RENO 
experiments. A similar expression can be written for 



P{i'f_i — > ly^), used in K2K and MINOS experiments. On 
the other hand, the appearance is given by 



P(^^^(e) ^ ^e^) = 2\V^3\^\Ve3\^{l - COS ^^L) 



2p 



IK 



(6) 



^31 r,2l' 



e3| 



P"^i\Ve3\\Ami,) 



where P^^(|Ve3p, Amg^) indicates the probability of 2- 
neutrino transition, Vg — (satm^'/j + Catm^^r), used in MI- 
NOS experiment. Similar expression for P^i^fj, — > i^t) is 
used in OPERA. 

When the neutrino source has a sizable dimension AL 
and the energy resolution of detector is AE, we integrate 
over the region of neutrino source and energy resolution 

function. Then, a large phase L in the argument of 
cos is averaged over and the average probability is given 
by 



(7) 



Especially, for the case of a = a' = e. the averaged 
probability is 



(8) 



P{Ve Ve) = P{Ve ^ Ve) 

= \Vezt + {l~\Ve3\^)^P^''{Ve~^Ve) 

where 

P^'^iVe ^ Ve) = P^'^iVe ^ V,) 

= l-isin220,oi(l-cos^X), 
2 Zp 
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which has been used in the KamLand experiments. 

The solar neutrino angle ^soi can be determined from 
the solar neutrino flux observation, for example, in the 
SNO and the Super-Kamiokande experiments or from 
the detection of neutrinos emitted from the nuclear 
power reactors in the KamLand. The atmospheric neu- 
trino angle ^atm measurement can be made by observing 
the atmospheric neutrino, the product of cosmic ray in- 
teraction in the atmosphere, in Super-Kamiokande, or 
product from accelerator experiment, for example, in the 
K2K and MINOS experiments. Finally, the deviation 
from zero of V13 is determined by observing P(Pe ^ i^e) 
in the CHOOZ experiment, and P{v^ — >■ Ve) in the K2K 
experiment. 

The leptonic CP violation is significant for the follow- 
ing asymmetry in the neutrino oscillation (l6j . 



with the following BF values 



= 4 ^ lra{V^,,V:^V^uV*.^) sin 



(10) 



Especially, 



/((Aie) _ _ Are) _ .(rp.) 
^CP ^ ^CP ~ ^CP 



4J(s 



2p 



sm ■ 



^21 



2p 



sm ■ 



'13 



L) 
(11) 



where J = lui{Va' jV*jVakV*, ^) is the Jarlskog determi- 
nant [l^ of the PMNS matrix up to the sign. Note that 
if all three neutrinos are degenerate, there is no CP viola- 
tion. It is because one can find a unitary matrix to make 
the PMNS matrix identity for the degenerate neutrino 
masses. 

With the above experiments, the best fit values(BF) 
and 99.73% C.L. values are listed as follows [T6|: 

7.05 X 10~^cV^ < Amj2 < 8.34 x lO-^eV^ 
0.25 < sm^ei2 < 0.37 

2.70 X lO^^eV^ < IAto^iI < 2.75 x 10"^eV^ (12) 

0.36 < sin^ 6>23 < 0.67 I 

sin^ 9i3 < 0.035(0.056) at 90% (99.73%) C.L. 



(Am?2)BF = 7.65 X lO^^eV^ 
{sin^ei2)BF = 0.304, 
(lAm^iDsF = 2.40 X lO'^eV^ 



(13) 



(sin^ 623) 



BF 



0.5, 



Reference [l5| presented the BF value of sin 613 as 
0.01 which is at 0.9a away from ^13 ~ 0. At present, 
there is no decisive evidence for a nonzero ^13, but fu- 
ture experiments [l^ are expected to give better lim- 
its on sini9i3. Recently, T2K collaboration reported a 
large 6*13 [20|. At the 90% confidence limit, they re- 
port 0.03(0.04) < sin2 26ii3 < 0.28(0.34) for sin^ 26I23 = 
1.0, |Am23| = 2.4xlO~^cV^, 6 = and normal(inverted) 
hierarchy. The BF points are 0.11(0.14). 



III. THE PMNS MATRIX WITH (13) ELEMENT 

OF 0(/3^) 

From the discussion of Sec. |lTl the quite accurate 
bi-maximality is an established fact. However, the tri- 
bimaximality or dodeca symmetry is approximate. We 
may start from the exact mixing matrix adopted in 



ci, 



-C2S1, 



S1C3, 



e S2S3 + C1C2C3 

iS 



S1S3, 
S2C3 + C1C2S3 

s 



\ -e*''siS2, -C2S3 -t- ciS2C3e"', C2C3 -|- ciS2S3e 



/ 

(14) 



The deviations from these hypothetical symmetries 
contain large correction factors denoted as /?. There- 
fore, we satisfy the bi-maximality of i'^ — mixing up 
to C(/3^). In this section, we assume that the deviation of 
the (13) element from zero is rather small, i.e. {B/2)0^ . 
Then, we can expand T^pmns around the dodeca symmet- 
ric point as 



i(l + V3/3-f), 



-^2^^ + Vifi~{A+\)P^), ^(V3-/3-(V3A+^ 



e-'^2B)l3^) -£^(l + (A-e*'^^B)^2) 
'2B)P^), ^^{l-{A-e^'^B)P^) J 



(15) 



The approximate PMNS matrix ([T5|) satisfies the unitarity up to order As formulated in Ref. Q, Eq. ([T5|) has 
the real determinant, which is required from the SU(2)vi/ Pcccei-Quinn symmetry |2l| . Namely, we must work in a 
well-defined lepton basis Then, each term of the determinant shows whether the CP violation is present or not. 
In particular, the product of (31), (22), and (13) elements is the barometer of CP violation The determinant of 
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Eq. (|T5|) has the following six terms, 

1^11^^221^33 =^(3-2V3/3- (6A + 2- ^Bcos(S + i^Bsin5)/32) 



-V11V23V32 — 



Vl3 1^21^32 
-V13V22V31 



i(3-2V3^ + (6^-2- ^Bcos(5 + 2^B 



siii(5)/32) 



1 /3 
1^121^231^31 = -(l + 2V3/3 + (2^ + 2-^B(cosJ + isinJ)/32) 

2 

1 /3 

-1^21^211^33 = ^(1 + 2^3/3 -{2A-2- ^B{cosd + i sin,?)^^) 
2 



(16) 



-\/3 

BP^(cosS + isinS) 

16 



16 



5/3 (cos (5 + isiii(5) . 



r 



We note that each term of Eq. 
nitude for the imaginary part, 



T6| has the same mag- 



(17) 



as noted in Ref. [5| for the CKM matrix. As in the 
CKM case, the Jarlskog determinant of PMNS matrix 
can be read directly from the unitarity matrix, Eq. (|15p . 
The area of the Jarlskog triangle is of order the small 
parameter squared (/3^) and we can say that the CP vi- 
olation effect in the lepton sector is larger than that in 
the quark sector. Note that in the quark sector the area 
of the Jarlskog triangle is of order the sixth power of the 
small parameter (A^) Q. 



J 



Note that if the (13) element vanishes, all the phases 
in PMNS matrix except two Majorana phases can be 
removed away. Assuming that PMNS matrix elements 
are given by their best-fit values, and sin0i3 = 0.1, the 
parameters are given by 



(3 = 0.068, B = 39, 
2A/32 = 0.311 cos(5 

When there is no CP violation(J = 0), A 
maximal CP violation((5 = A ^ 0. 
and B of order 10 from Eq. ^TE\\ . it is better to have a 
parametrization for the (13) element being of order of /3. 
So, let us consider the parametrization 



(18) 



= 33 and with 
Since both A 



( 1(73-/3-^/3^), 
5^5(1 + (V3-^)/3 



i(l + V3/3-^), 



-i(l + 2V3.4 + A2)/32) ' -(^(1 + A^)-A- e-'^2B)P^^ 



(1 + (^/3 + ^)/3 ^ (V3 + (-1 + VSA)P 

-{V3A - 4^ - i)/32) ' -(^(1 + A^) + A + e-'^2B)0 



V2 



(l + AI3~{^ + e''^B)l3^^ 



^(1- A/3 + (-^ + ^Be»^)/3^ 



(19) 



and A'^2.2 . (13) element of O(^). 



IV. THE PMNS MATRIX WITH (13) ELEMENT 

OF OiP) 



Since the (13) element of the PMNS matrix is not mea- As in Sec. IIIIl we keep the deviation of 82 from 7r/4 at 
sured accurately, we can consider the correction of the O{0^), and obtain the following parametrization. 



5 



\/3 o2 



-^(l + v^/3-[A+i]/3^ 



2\/2 



1 + + [A - i]/32 



if l + V3/3-i(l + 52)^32 



-^(1 + 2A + B2)^2^ 



2\/2 



V3- [1 + 2Se-*'5]/3 



^(l + ^/3/3)/3, \ 



(20) 



Assuming the BF values, (3 and the relation between A 
and (5 are the same as the results presented in Sec. IIIII 
If sin 6*13 = 0.1 is used, we obtain 



B = 2.65. 



(21) 



Without the CP violation, deviation of 62 from j 
might be of order /?. In this case, A ~ 2.2. Our 
parametrization of the (13) element being of £'(/?) is 
given by 



/ 1(73-/3-^/32), 

-[i + ^ + V3A]/32) 

-^(l + (V3 + A)/3 
y +[V3A-f -i]/3 



i(l + ^/3/3-i(l + S2)/32)^ 

^(V3-[1 + V3A- 2Be-'^]P 
-(^(1 + A^ + B^) - A{1 + 2Be-'^))l3 

^(\/3-[l-V3A + 2i?e-'^«]/3 
-i[V3(l + A^ + B^) + 2A{1 - 2Be-'^)]P^ 



r 



(1 + ^/3/3)/3, 



-^(l-i(e'*V3i3-2A)/3 

-i(^2 + 52 _ g.5(^^ + 1)5)^2 



^(l + (^Se^^-^)/3 
-i[A2 + B2 + e*'5B(l- V3A)]/32) J 

(22) 



On the other hand, with the traditional Chau-Keung- where the mixing of V23 and V33 is maximal, kept to 
Maiani parametrization, we obtain a parametrization C(/3), with the (13) element being of order /3, is 

I 



/ i(V3-/3-^(l + 52)/32), i(l + V3/3-i(l + i?2)/32), 



^(l + y3(l + i?e-*)/3 ^(V3-(l + Se-^)/3 _ 

-(^ + i + Se-**)/32) ' -V3(^ + i+Be-*)/32) ' 

^ (e'^^ + V3{e^^ - S)/3 (VSe'^ - [e^^ - B]/3 ^ _ ^ ^ , 

([A - + B)0^) ' +V3([A - i]e'*- + B)/32) ' ^ ^ 



5/3, 



1 (l + (A-f )/32)e-* 



%/2 



r 



(23) 



This might be useful in fitting the current experimen- 
tal data. As can be seen in Sec. [TTl the matrix elements 
experimentally accessible arc V12, V13 and V23, which can 
be used to determine ^soi and 6'atm- Especially, V12 and 
V23 are given by S12C13 and S23C13, respectively, in the 



Chau-Keung-Maiani parametrization. Since cos ^13 is 
very close to unity, and insensitive to the deviation of 
013 from zero as long as O13 stays very small, measure- 
ments of these values give the almost direct information 
on and 6*23. Moreover, deviation of 023 from ^ shows 



directly the deviation from the bi-maximahty. Compar- 
ing with the BF values, and assuming sin 6113 = 0.1, 
we obtain 

P = 0.060, B = 1.66, A = (24) 

and the CP phase S is undetermined. 

From the complete form of Chau-Kcung-Maiani type 
parametrization, (|27p . each term in the determinant is 
given by 

VllV^22V33 = C12C23C13 - Cl2Sl2C23S23Ci3Sl3e"^ 
-V11V23V32 = C12S23C13 + Cl2Sl2C23S23Ci3Sl3e''' 
^12^^23^31 = S12S23C13 - 0125120235232135136"^ 



T41V22V33 

— V11V23 V32 
V12V23V31 

— V12V21 V33 
V13V21 V32 

— ^13^22^31 



V. CONCLUSION 

In conclusion, we parametrized the PMNS matrix in 
terms of small parameter /3 by expanding it around a do- 
deca symmetry point. Since the (13) element is not mea- 
sured correctly, we attempt two cases: 0{(3) and ©(/S^). 
The magnitude of (13) element is crucial in understand- 
ing the leptonic CP violation. 

Acknowledgments 

This work is supported in part by the National Re- 
search Foundation (NRF) grant funded by the Korean 
Government (MEST) (No. 2005-0093841). 



-Vl2V'2lV'33 = 512C23C13 -I- Ci25i2C23523Ci35i3e*'^ 

V13V21V32 = Ci25i2C235235l3 C0S(5 - Ci25i2C23523Cl3Ci35i3e 

,22 2,2 2 2 
+ '^12^23*13 + C;^2-'23*13 

-I43V22V31 - Ci25i2C235235l3 COS S + Ci25i2C23S23Cl3Ci3Si3e 

,22 2,2 2 2 
+ <'12C235i3 -I- 5i25235i3. 

(25) 



In particular with our parametrization. 



Appendix A: The CKM matrix parametrization 
based on dodeca-symmetry 

To parametrize the PMNS matrix, we expand solar 
angle in terms of a small parameter 13 around ^ , predicted 
by non-Abelian D12 symmetry For consistency with 
this parametrization, it is reasonable to expand the CKM 
matrix also around the value obtained by this symmetry. 
For the specific vacuum considered in Ref. @, 6'soi = f 
and 9c = J!) were given. Even though the expansion of 
the CKM matrix around the identity is widely used, i.e. 
the trivial vacuum is chosen from the D12 point of view, 
it is also useful to parameterize the CKM matrix around 
Then, the correction must be small, not like A ~ 0.23 
1^. We present such a parametrization below. 



i (^(3 - 2%/3/3 - (2 + 6A + ?,B^)I3^) - (V3 + 2/3)5/3 cos J - i(V3 + 2;3)B/3 sin (5 

2\/3/3 - (2 - 6A + 3B2)/32) + (\/3 + 2(3)3(3 cos 5 + i (%/3 + 2(3)B(3 sin 5 

i (^(1 + 2V3/3 + (2 + 2A - B^)(3'^) - (\/3 + 2(3)Bp cos 5 - + 2(3)B(3 sin 5 

\ [(1 + 2y/i(3 +{2-2A- B^)(3^) + (VS + 2(3)B(3 cos(5 + + 2(3)B(3 sin<5] 
8 

\ (4:B'^(3^ - i{V3 + 2(3)B(3 sin 5 



\ Ub^(3^ + i (\/3 + 2(3)B(3 sin 5 



(26) 
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1 + V3 /1 
2^/2 ' 



-1 + 73 
2\/2 



■7, 



,/9 '''' 



2\/2 



2 



'^t)"2" , 



2\/2 

— -L^ V 

2\/2 

/ l + \/3 _ -l + \/3 „A „ ^.^ 

^ 2v^ 2^/2 l> '^bl, 



'^''^^ 2V2 + 2\/2 T^''' 



2\/2 



- e "'Kt7 



-(i(..g + .?)-e»^«,«,i±f)7V 



where 7 is estimated to be —0.034, \ki,\ = 0.59, and |Kt| 
1.08. 



Appendix B: Majorana phases and neutrinoless 
double beta decay 

If Majorana phases are taken into account, PMNS ma- 
trix should be modified by multiplying 



/I 

e"^°'^ 
\ 








(27) 



on the right side. Such phases can be measured through 
neutrinoless double beta (Oz^/3/3) decay [22|, {Z,A) — >• 



{Z zL 2, A) + 2e^. The Oiy/Sfi decay rate is proportional 
to the squared effective neutrino mass. 



(28) 



and in terms of exact form of PMNS matrix element, it 
is given by 



I 22 I 2 2 iAq21„ 2 , 2 2 iAq3i_2|2 

in the parametrization (|14p and 



mo 



(29) 



in the Chau-Keung-Maiani parametrization, (j27p . 
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